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Introduction

I N the inverse heat conduction problems, the surface conditions
or the thermal properties of a material are estimated by utilizing

the temperature measurements within the medium. These problems
have received much attention and numerous papers have been de-
voted to this topic of research. Inverse radiation problems have also
been investigatedextensively.They are concernedwith the determi-
nation of the radiative properties or the internal temperature pro� le
of a medium from the measured radiation data. Despite the rela-
tively large interest given in the inverse problems of heat conduc-
tion and radiation, only a small amount of work is available for the
inverse heat convectionproblems.1¡3 In all of these studies, the un-
known functions to be estimated are of one variable for the inverse
convection problems. In this Note, we consider the estimation of
the space- and time-dependentwall heat � ux for unsteady laminar-
forced convectionbetween parallel � at plates from the temperature
measurements taken inside the � ow or at the opposite wall.

Analysis
Direct Problem

Consider unsteady laminar-forced convection heat transfer in a
parallelplate duct with channelwidth b. The � ow enters the channel
with a fully developed velocity distribution u(y) and a constant
temperature T0. Initially, the duct walls are kept thermally insulated.
At time t D 0, the thermal condition of the upper wall at y D b is
suddenly changed and is subjected to wall heating condition with
a function of position x and time t . The � ow is assumed to have
constantpropertiesand the buoyancytermis neglected.It is intended
to providea � rst step toward futurework, in which these effectswill
be considered.Figure 1 describes the geometry and coordinates.By
introducing the following dimensionless quantities:

X D x / bPe, Y D y/ b, t D a t / b2

h D k(T ¡ T0)/ bqref, Pe D Nub/ a , U D u/ Nu (1)

Q D q / qref , U D 3
2
[1 ¡ (2Y ¡ 1)2]

where k is the thermal conductivity, a is the thermal diffusivity, T
is the temperature, q is the wall heat � ux, qref is the reference heat
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� ux, and Nu is the mean velocity.The governingenergy conservation
equation in dimensionless form for the problem is given by

¶ h

¶ t
C U

¶ h

¶ X
D

¶ 2 h

¶ Y 2
(2a)

with the initial condition and the boundary conditions

h (X, Y, 0) D 0 (2b)

h (0, Y, t ) D 0 (2c)

¶ h (X, 0, t )
¶ Y

D 0 (2d)

¡
¶ h (X , 1, t )

¶ Y
D Q(X , t ) (2e)

Inverse Problem

In the direct problem, the velocity distribution, the initial condi-
tion, and the boundary conditions are given to determine the tem-
perature distribution in the � ow� eld. In the inverse problem, the
temperature data are assumed to be measured inside the � ow or
at the lower wall. The dimensionless heat � ux at the upper wall,
Q(X, t ), is recovered by using the measured data. The estimation
of the wall heat � ux from the knowledge of the measured temper-
ature data can be constructed as a problem of minimization of the
objective function:

J D
MX

iD1

NX

k D 1

( h i,k ¡ Z i,k )2 (3)

where h i,k D h (X i , Y1 , t k ) is the calculated dimensionless tempera-
ture for an estimated Q(X, t ), and Z i,k D Z (X i , Y1, t k ) is the mea-
sured dimensionless temperature. If Y1 D 0, the measurements are
taken at the lower wall; if 0 < Y1 < 1, the measurements are taken
inside the � uid. M and N are the numbers of the measured points
in the X and t directions, respectively.

In this Note, the conjugate gradient method4 is employed to de-
termine the unknown wall heat � ux Q(X, t ) by minimizing the
objective function J . The iterative process is

Q p C 1
m,n D Q p

m,n ¡ b pd p
m ,n (4)

where Qm,n D Q(Xm , t n ), b p is the stepsize,andd p
m,n is the direction

of descent, which is determined from

d p
m ,n D

¶ J

¶ Qm,n

p

C c pd p ¡ 1
m,n (5)

and the conjugate coef� cient c p is computed from

c p D
MX

m D 1

NX

n D 1

"
¶ J

¶ Qm ,n

p
#2,

MX

m D 1

NX

n D 1

"
¶ J

¶ Qm,n

p ¡ 1
#2

with c 0 D 0 (6)

Fig. 1 Geometry and coordinates.
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Here, ¶ J / ¶ Qm ,n is the gradient of the objective function. The step
size is determined from

b p D
MX

i D 1

NX

k D 1

h p
i,k ¡ Z i,k

MX

m D 1

NX

n D 1

¶ h i,k

¶ Qm,n

p

d p
m,n

,
MX

i D 1

NX

k D 1

"
MX

m D 1

NX

n D 1

¶ h i,k

¶ Qm,n

p

d p
m,n

#2

(7)

where ¶ h i,k / ¶ Qm ,n is the sensitivitycoef� cient.To calculatethe sen-
sitivity coef� cient, the direct problem is differentiatedwith respect
to Qm ,n to obtain the sensitivity problem, i.e.,

¶
¶ t

¶ h

¶ Qm,n
C U

¶
¶ X

¶ h

¶ Qm,n
D

¶ 2

¶ Y 2

¶ h

¶ Qm ,n

(8a)

¶ h (X, Y, 0)
¶ Qm ,n

D 0 (8b)

¶ h (0, Y, t )
¶ Qm ,n

D 0 (8c)

¶
¶ Y

¶ h (X, 0, t )
¶ Qm ,n

D 0 (8d)

¡
¶

¶ Y

¶ h (X, 1, t )
¶ Qm ,n

D Ou(X ¡ Xm , t ¡ t n) (8e)

for m D 1, 2, . . . , M ; n D 1, 2, . . . , N , where

Ou(X ¡ Xm , t ¡ t n ) D
1 if X D Xm , t D t n

0 otherwise
(8f)

The gradient of the objective function ¶ J / ¶ Qm ,n is determined
by differentiatingEq. (3) with respect to Qm ,n to obtain

¶ J

¶ Qm ,n

D 2
MX

i D 1

NX

k D 1

( h i,k ¡ Z i,k)
¶ h i,k

¶ Qm ,n

(9)

If the problem contains no measurement errors, the condition

J Q p
m ,n < d (10)

can be used for terminating the iterative process, where d is a small
speci� ed positivenumber. However, the measured temperaturedata
contain measurement errors. Following the computational experi-
ence, we use the discrepancy principle5:

J Q p
m,n < M N r 2 (11)

as the stopping criterion, where r is the standard deviation of the
measurement errors.

The computationalprocedure for the solution of the inverse con-
vection problem is summarized as follows:

Step 1: Solve the sensitivity problem to calculate the sensitivity
coef� cient ¶ h i,k / ¶ Qm,n .

Step 2: Pick an initial guess Q0
m,n . Set p D 0.

Step 3: Solve the direct problem to compute h i,k .
Step 4: Calculate the objective function. Terminate the iteration

process if the speci� ed stopping criterion is satis� ed. Otherwise go
to step 5.

Step 5: Knowing ¶ h i,k / ¶ Qm,n , h i,k , and Z i,k , compute the gradient
of the objective function ¶ J / ¶ Qm ,n .

Step 6: Knowing ¶ J / ¶ Qm ,n , compute c p and d p
m,n .

Step 7: Knowing ¶ h i,k / ¶ Qm,n , h i,k , Z i,k , and d p
m,n , compute b p .

Step 8: Knowing b p and d p
m,n , compute Q p C 1

m,n . Set p D p C 1 and
go to step 3.

Results and Discussion
Two test cases are used to demonstrate the accuracy of the pro-

posed method for the estimation of the upper wall heat � ux from
the simulated measured temperature data. The effects of the mea-
surement error, the sensor location, and the functional form of the
wall heat � ux on the results of the inverse analysis are investigated.
The measured temperature data Z are simulated by adding random
errors to the exact temperature h computed from the solution of the
direct problem:

Z D h C r f (12)

where r is the standard deviation of the measurement data, and
f is a random variable of normal distribution with zero mean and
unit standarddeviation.Forty-one equallyspacedmeasurementsare
taken both in 0 · X · 1 and 0 · t · 1 for all of the cases considered
in this work. The data are used as input to reconstruct the unknown
wall heat � ux in the inverse problem.

In the � rst case, the unknown wall heat � ux is assumed to be a
function of t only:

Q(X , t ) D
20 t 0 · t · 0.5

20(1 ¡ t ) 0.5 · t · 1
(13)

We considerthe inverse solutionsfor the temperaturemeasurements
taken inside the � uid or at the lower wall. The results show that the
closer to the unknown wall heat � ux the sensors are, the more ac-
curate the estimation. The solutions of the inverse analysis from

Fig. 2 Estimation of the wall heat � ux by inverse analysis, Y1 = 0.

Fig. 3 Estimation of the wall heat � ux by inverse analysis, ¾ = 0:03.
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temperature measurements taken at the lower wall for both exact
and noisy input data are shown in Fig. 2. The estimation of the
inverse problem is excellent for exact input data, i.e., r D 0. The
accuracy of the inverse analysis is also good for simulated exper-
imental data containing errors of standard deviation r D 0.03 and
0.06, which correspond to approximate2 and 4% errors of the max-
imum measured dimensionless temperature, respectively. As r is
increased, the accuracy of the estimation decreases.

In the second case, the unknown wall heat � ux is assumed to be
a function of both X and t :

Q(X, t ) D 20X sin( p t ) (14)

Figure 3 is used to demonstrate the effects of the locations of mea-
surements on the accuracy of the inverse analysis. When the mea-
surements are inside the � uid, i.e., Y1 D 0.9, the agreementbetween
the estimated and the exact values of the wall heat � ux is good. The
result of the inverse analysis is satisfactorywhen the measured data
are taken at the lower wall, i.e., Y1 D 0. As expected, the accuracy
of the estimation is improved when the distance between the upper
wall and the sensors is decreased. However, from the experimental
point of view, it is desirable to avoid sensors within the � uid that
will disturb the � ow� eld and introduce errors.

Conclusions
The estimation of the space- and time-dependent wall heat � ux

for unsteady laminar-forcedconvectionbetween � at plates has been

considered. The conjugate gradient method is applied to solve the
problem. Various types of wall heat � uxes are used to test the accu-
racy of the method. The inverse solutions are satisfactory for both
exact and noisy data. As expected, the results also show that the
closer to the unknown wall heat � ux the sensors are, the more ac-
curate the estimation.
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